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Abstract--The thermal equilibrium of the quantum hydrodynamic model for semiconductors is 
investigated in one space dimension. Existence is obtained using a fixed point argument. Uniqueness 
is proved for small values of the scaled Planck constant. The classical limit is also carried out. 
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1. INTRODUCTION 
This paper is concerned with the analysis of the thermal equilibrium states of the quantum 
hydrodynamic model (QHD)  for semiconductors. The QHD describes electron transport in a 
semiconductor as a quantum fluid. It is an extension of the classical hydrodynamic model in- 
cluding quantum corrections. These quantum terms allow a description of quantum effects, e.g., 
tunneling of electrons through potential barriers in semiconductor devices like a resonant tun- 
neling diode. For an overview of the classical hydrodynamic model, see [1]. More details and a 
derivation of the QHD can be found in [2]. 
The equations of the QHD in one space dimension read 
nt + (nw)~ = O, 
h 2 q nw 
(~w), + (~w~)x + _k (~T(~))x - ~ (n(ln~),~)~ - ~V. = - - - ,  
m rp 
(1.1) 
where we have assumed that the isentropic case, i.e., the temperature T is given as a function T(n) 
of the charge density n. The electric potential V is modeled selfconsistently by coupling the 
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equations (1.1) to Poisson's equation 
eV~x = q(n - C) .  (1.2) 
w denotes the velocity, k is the Boltzmann constant, m the effective lectron mass, h the Planck 
constant, q the electronic harge, Tp the momentum relaxation time and e is the dielectric on- 
stant. The electric field is given by E = -qVx .  C denotes the doping profile. 
In the isentropic ase, the charge density dependence of the temperature is given by 
T(n)  = const, n 7-1, 1 < V < 3. (1.3) 
In the subsequent analysis, we neglect carrier heating and assume T -- Tl, where Tl is the lattice 
temperature (i.e., p = const, n). 
The equations describing thermal equilibrium can be obtained from the stationary case of (1.1) 
by setting the current density J = nw to zero. At the boundary of the domain, we prescribe the 
charge density. In order to obtain the built-in-potential, we do not fix V at the boundary. As 
additional boundary condition, we take a vanishing first derivative of the charge density at the 
boundary [2]. 
After an appropriate scaling, we obtain for x E (0, 1) (semiconductor interval after scaling) 
_62 (n(lnn)xx)x + nx + nE  = O, 
A2E~ = C - n 
(1.4) 
(1.5) 
with boundary conditions for the charge density n 
n(0) = no, n(1) = nl, nx(0) = nx(1) = 0. (1.6) 
The dimensionless constants 5 and A are the scaled Planck constant and the scaled Debye length, 
respectively. Dividing (1.4) by n, taking the derivative, using (1.5) and setting u = Inn gives 
( 1 
-5  2 ux~ + + u~ - ~ (e ~' - C)  = 0 
xx  
with boundary conditions for u 
(1.7a) 
u(0) = u0, u(1) = ul, uz(0) = u~(1) = 0. (1.Tb) 
In this way, we avoid the problem of not having boundary conditions for the electric potential V 
and the electric field E. 
After having solved the problem (1.7), the potential V can be obtained by using (1.4) and 
(n(Inn)xx)x = 2n ((I/v~)(v/'n)xx)~ 
V -- Vo + lnn  - 2&2-~ n (v/-n)xx. (1.8) 
In [3], the thermal equilibrium problem is treated in 1, 2 and 3 space dimensions. There a 
variational approach is used and boundary conditions for the potential are prescribed. 
The nonlinear fourth order equation (1.7a) with boundary conditions (1.Tb) is the problem 
to be analyzed in this paper, which is organized in the following way. In Section 2, we show 
existence of a solution. Section 3 is concerned with the uniqueness of the solution. In Section 4, 
the classical imit is carried out. 
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2. EX ISTENCE 
In this section, we study the existence of a solution of problem (1.7). 
Leray-Schauder Fixed Point Theorem [4], we need the following a priori estimate. 
LEMMA 2.1. Suppose C E L°°(0, 1). Then the estimate 
IlullH2(O,~ _< 
holds. 
In the sequel, we denote by c generic, positive, not necessarily equal constants. 
PROOF. We define a function UD E C2[0, 1] satisfying the boundary conditions 
~(0)  = uo, ~(1)  = u~, uo~(o) = u~(1)  = 0, 
and with piecewise linear second derivative (0 < e _< (1/2)) 
4~ 
e 2 (1 - e) x 
4c~ 4c~ 
UD~(x)  = - - ~ x  + - -  
0 
e(1 - ~) 
where a = Ul - uo and UDxz(1 -- x) = --UDxx(X)VX C [0, 1]. 
• 
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Multiplying (1.7a) by u - UD and integration by parts gives 
fol {--52 (Uxx -t- ~)  (Uxx -- UDxx) -- Uz (Ux -- UDx) -- ~---~ (eU -- eUD) (U -- UD) 
} A2 (e '~ - C) (u - uo)  dz = O. (2.4) 
We have 
jfO I d x I 2 o? <- ~ llux~llL2~O,1~ + c - - .  (2.5) UxxUDxx e 
With lu~(x)l < v/~llux~ilL2(O,1) and lux(x)l <_ l~-L--x-- llux~llL2(O,1), we obtain 
/2 
2 
<_ clclle [luxxllL2(O,U . (2.6) 
The relation 
(e u - e up) (u - UD) >_ 0 (2.7) 
holds for all values of u and up. Due to the boundary conditions (1.Tb), we have 
/0 /o1 u2~u~x dz = dx = 0. (2.8) 
X 
Using (2.5),(2.6),(2.7) and (2.8) in (2.4) gives 
-~- (1 - 2c[ale ) l] ~l[L2(O,1) + ~ [lUxIIL2(0,1) ~ C 1 q- (2.9) 
with c as 5- and e-independent constant. Fixing e in the interval 0 < e < 1/(2c1~1), we obtain 
the inequality 
5 Ilu~llL=(o,~) + IluxllL=(0,~) + IlulIL~(0,X~ --< c(1 + 5) (2.10) 
and (2.1). II 
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In the proof, we have worked out the 6-dependence of the estimate, which has no importance 
at this point but will be used in Sections 3 and 4. 
Note that in more than one space dimension reasonable boundary conditions would be u = UD 
and ou ~-~ = 0 on 0~ (~ a bounded region and o the normal derivative at the boundary). Then 
the integral f~ Vu .  Vu  Au dx corresponding to (2.8) does not vanish as in one space dimension. 
This is the main reason that we treat the one-dimensional case only. 
Now we can state our existence result. 
THEOREM 2.1. Let C E LC°(0, 1). Then the problem (1.7) has a solution u E H2(O, 1). 
PROOF. Consider the problem 
- ~ u ÷ l - C  =0 (2.11) -62 uxx+a +ux~ ~ v 
2 / ZX 
with a E [0, 1], boundary conditions 
u(O) = auo, u(1) = aUl, ux(0) = ux(1) =0 (2.12) 
and v E C°'l[0, 1]. Defining the bilinear form 
a(w,¢) = 62wxx¢~x + wzCz ÷ -~ we dx, (2.13) 
which is continuous and coercive, one can easily show that the linear problem (2.11) with bound- 
ary conditions (2.12) has a unique solution u E H2(0, 1). Therefore, we can define the map 
T : C°'l[0, 1] × [0, 1] --* C°'1[0, 1] by T(v ,a)  = u. It can be seen easily that the map T is continu- 
ous. Due to the compact imbedding of H2(0, 1) in C °,1[0, 1], it is compact, see [5]. Additionally, 
we have T(v,O) = 0Vv • C°,1[0, 1] and 
Iiulleo.,[0,1] < c V(u, a) • C°'1[0,1] × [0,1] with T(u, a) = u. (2.14) 
Lemma 2.1 settles the case a = 1. In the case a ~ 1, the same steps as in the proof of Lemma 2.1 
lead to 
62 (1 2caic~,~ ) 2 1 2 ( 62 ) 
- -  - I l u==l lL~(O,1)  + ~ I l u= l l L~(O,1)  < c 1 + - -  + a (2.15) 2 - 
and (2.9) follows. 
All conditions of the Leray Schander Fixed Point Theorem with Banach space C °,1[0, 1] and 
compact map T are satisfied. The existence of a fixed point T(u, 1) -- u follows. I 
Obviously, with u • H2(0, 1), the evaluation of the potential V in (1) is straightforward. 
3. UNIQUENESS 
Theorem 2.1 does not exclude nonuniqueness of the solution. In order to obtain uniqueness for 
small values of 6, we prove the following Lemma. 
LEMMA 3.1. Let u,v • H2(0, 1) be two weak solutions o/(1.7). H 
1 
llu~ + vxllL~(o,l~ < ~,  (3.1) 
then u = v holds. 
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PROOF. Take the difference of the weak formulations of (1.7) for u and for v with testfunction 
u - v E H02(0, 1). Using (3.1) gives 
/01{ 0 = 5 2 (u~x - v~x) 2 + ~ (u~ + v~) (~ - v~) (~x  - ~x)  + (~ - ~)2  
} + -~7(@-e~)(u -v )  dx 
1 5 vx ' )}dx  
dx 
5 2 1 
- vxIiL2(0,1) 0. (3.2) >- --2 Ilu== - v==llL2(O,1)2 + ~ Ilu~ 2 > 
Due to the boundary conditions (1.7b), the assertion follows. | 
It follows that there is at most one weak solution of (1.7) with HU]lLo¢(0,1) < Hux[[L~(0,1) <: 
(1/45). The following theorem concerns the existence of such a solution. 
THEOREM 3.1. Let C E L°°(0, 1). If 
5 <_ c (3.3) 
t'or some constant c > 0, then there exists a unique solution u C H2(0, 1) of (1.7) satisfying 
1 
IlullL~(O,~) < Ilu~IIL~(0,Xl < ~.  (3.4) 
In the proof, we need the following well-known lemma. 
LEMMA 3.2. For u E Hi(0, 1) and 0 < p < 1/2, we have 
p HUxHL2(O,1) + ~IIUHL2(O,1 ). (3.5) IlullL~(o,1) < 
PROOF OF THEOREM 3.1. Using Lemma 3.2 and (2.10) gives 
p 1 
IlUllL~(O,l> < ~5 IlU~IIL2<0,1) + ~ Ilu~llt~<O,l>, (3 .6 )  
_< max , c(1 + 5) <_ ~-~ (3.7) 
if 
{1 1 } 
p=min  2 '4c ( I+5)  ' (3.8) 
1 
max{2, 4c(1 + 5)}c(1 + 5) < ~--~. (3.9) 
Obviously, this holds for 5 < c for some c > 0. 
Uniqueness follows from Lemma 3.1. | 
4. THE CLASS ICAL  L IM IT  
The estimate (2.10) shows 
Ilu~ll/~,(0j) < c, (4.1) 
where c is a 5-independent constant (u ~ denotes the 5-dependence of u). Therefore, we have a 
subsequence onverging to a function u E Hi(0, 1) which can be shown easily to solve the limit 
problem 
A2uxx = e" - C, u(0) = u0, u(1) = Ul. (4.2) 
Due to the uniqueness of the solution of the limit problem, we have u 8 ~ u in Hi(0, 1). 
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